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ultrasound (FUS) transducer is used as therapeutic emitter. The FUS transducer has an aperture of 
64 mm, a radius of 64 mm and a geometric focal distance of 52 mm. A secondary 64-element 5-MHz 
phased array transducer was used for imaging and was located confocally. The imaging probe presents 
a linear arrangement of piezoelectric elements and a pitch of 0.15 mm. The central hole of the FUS 
transducer allows the introduction of the phased array to align the exit planes of both transducers.  
 
In this theoretical study, we consider blood as surrounding fluid and we set a random distribution of 
microbubbles located around the focal zone. The emitted signal consists of a short sinusoidal pulse burst 
with an amplitude of 2 kPa, leading to a peak pressure at the focal spot of 0.5 MPa, as typically used for 
BBB opening applications [23]. 
 
 

 
Figure 1 - Experimental setup used for the cavitation mapping study. 

 

2.1 Acoustic field calculation 

We start calculating the acoustic field produced by the FUS transducer at the locations of the 
microbubbles. The acoustic field at a point  produced by a vibrating surface located at 

 can be approximated by the Rayleigh-Sommerfeld integral as 

 
 (1) 

where  is the particle velocity normal to the surface ,  the fluid density, and  is the 
wavenumber at an angular frequency , and  is the sound speed. From this calculation, the acoustic 
field is simulated and represented in the Figure 2 where the z-axis corresponds to the axial direction of 
the transducer and the x-axis to the lateral direction. 
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Figure 2 - Acoustic field radiated by a FUS transducer of 0.8 MHz. 

 

2.2 Bubble dynamics 

Once the impinging ultrasound field amplitude and phase is known on each bubble, we model the 
vibration of each bubble assuming they do not interact. A Rayleigh-Plesset equation [26] modified to 
include radiation damping is chosen, as this gives realistic physics while being computationally simple 
and stable. The shell is described using Church’s viscoelastic model, with the exponential stress-strain 
relationship proposed by Angelsen et al. Shell material parameters are estimated using the methods by 
de Jong et al. and Hoff et al. [27].  
 
In the limit of small shell thickness in comparison with the radius, the dynamics of an encapsulated gas 
microbubble follow the equation 

 

 (2) 

where  is the bubble radius,  is the bubble radius at rest,  is the time,  is the ambient pressure, 
 is the applied pressure by the ultrasound beam,  and  are the density and viscosity of the 

surrounding fluid, e.g., blood,  is the polytropic exponent of the gas,  is the shell thickness,  is the 
shear modulus and  is the shear viscosity of the shell. Note that the shear modulus and viscosity of the 
shell are generally frequency dependent, but in this model, it is assumed that they are constant for 
ultrasonic frequencies. For this study, we use the parameters of SonoVue UCA [28].  
 

2.3 Scattered signal 

Knowing the variation of the radius with time we can calculate the scattered pressure of the m-th bubble, 
, at a short distance  using the relation 

 
 (3) 



 Acústica 2020 – TecniAcústica 2020, 21 a 23 de outubro, Portugal  
 

 
 

5 

Note that the waveform of the scattered signal is driven by  and the distance only contributes to the 
magnitude of the signal. Therefore, we calculate the scattered signals at a distance  and, then, we 
propagate these signals to each of the elements of the phased array by delaying the scattered waveforms 
by the corresponding time-of-flight and applying a spherical divergence factor. Therefore, for the n-th 
element of the phased array, and for the m-th bubble, we obtain 

 
 (4) 

where  is the location of the n-th element of the phased array and  is the location of the m-th bubble, 
and  is the time of flight of the therapeutic wave travelling from the FUS source to each bubble, which 
is given by 

 
 (5) 

where  is the location of the FUS source, which in this work matches the origin. In this way, the 
received signal obtained theoretically contains similar information as the received radio frequency (RF) 
data obtained experimentally. 
 

2.4 Cavitation indexes 

The behaviour of the microbubble in response to the ultrasound excitation is highly nonlinear and, 
therefore, we can define several indexes to characterize the dynamic regime. In first place, we can define 
the harmonic emission as the components of the wave corresponding to integer harmonics of the 
fundamental FUS frequency. This signal is associated with stable cavitation. Second, we can filter RF 
data to include only the odd integers of the sub-harmonic component. This signal is associated with 
inertial cavitation. Third, we can notch filtering RF data to only obtain the sub-harmonic component 
also associated with inertial cavitation. Finally, we can set a filter bank to extract only the resulting 
broadband noise after filtering all previous components. This signal is associated with strong inertial 
cavitation. 
 

2.5 Delay and sum beamforming 

Once signals have been filtered, image conformation is used for each of the RF data set. For passive 
cavitation imaging we apply Delay And Sum (DAS) beamforming on an image defined at points in 
space , . The received signal is then beamformed by time delaying the signal and summing up the 
contribution of each element. For a frame , the beamformed signal is defined as 

 
 (6) 

where the time delay  is given by  

  (7) 

and where  is the time of flight from the FUS source to the imaging point, given by 

 
 (8) 

where  is the angle between the FUS source and the imaging array, and  is the time of flight 
from the imaging location to the n-th element of the array as 
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 (9) 

where  and  are the cartesian coordinates of the imaging array. Finally, we can accumulate 
several frames to obtain a power-cavitation image as 

 
 (10) 

where  is the number of accumulated frames. This process is repeated for each filtered RF dataset to 
obtain a cavitation image corresponding to the ultra-harmonic, sub-harmonic, broadband emission, and 
harmonic signals. For the sake of simplicity, in this document we will only show cavitation images using 
ultra-harmonic, sub-harmonic, and unfiltered RF data. 
 

3 Results 

3.1 Scattered signal 

First, we analyse the scattered signal in the simple case of a 1-cycle pulse and with the existence of one 
single microbubble in the medium. In Figure 2 we show the emitted pulse and the signal scattered by a 
single microbubble. Figure 2 (a) shows the waveform of the pulse focused by the source, i.e., at the 
location of the bubble. The duration of the pulse is 1.25 μs and the amplitude is about 40 kPa (note that 
the bubble is located at the focus zone of the FUS source).  Figure 2 (b) shows the theoretical scattered 
signal at the bubble surface. The single cycle pulse is no longer so well defined, the signal spreads in 
time and the amplitude is much lower than the emitted pulse. Here, for the microbubble used, the peak 
of the signal reaches 0.16 Pa. This numerically calculated scattered signal is the one that will be received 
by the imaging probe after propagating through the medium. 
 

 

Figure 3 – (a) Emitted signal: 1-cycle pulse at 2 kPa and (b) scattered signal at the microbubble 
surface. 

 

3.2 Beamformed image for a single microbubble 

Results of passive cavitation imaging using delay and sum (DAS) beamforming are presented in Figure 
3 for one microbubble located in the focal zone of the transducer. The images are arranged in two 
columns corresponding to two distinct emitted pulses. At the left column we show the results using 
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Nc = 1 cycle for the emitter, being Nc the number of cycles. At the right column we show the 
beamformed images using Nc = 6 cycles. For each excitation, the imaging corresponding to three 
cavitation indexes is plotted. In the Figure 3 (a), the DAS beamforming is processed from the received 
RF data with no filter. The microbubble is represented by a red dot and the theoretical focus zone by a 
red ellipse. With an excitation of 1-cycle pulse, we can see a brighter area corresponding to the peak of 
the scattered signal coming from the microbubble located in the focal spot of the focused ultrasound 
beam. Here, the axial and lateral resolutions depend on the wavelength of the imaging probe and the 
duration of the scattered pulse. 
 
Figure 3 (b) shows the same simulation but using a pulse of 6 cycles. As signal spreads in time, 
constructive interferences during beamforming lead to a decrease in axial resolution, and point spread 
function widens over a distance of 6 wavelengths of the fundamental frequency of the scattered pulse. 
In Figure 3 (c), the DAS beamforming is processed from the filtered signal isolating the ultra-harmonics. 
Here the source zone with maximum amplitude in the centre corresponds to the real position of the 
scattered pulse whereas the rest of the peaks corresponds to ringing artifacts due to the filter. For the 
case of a pulse of 6 cycles, Figure 3 (d) shows interferences between the ringing artifacts and the peaks 
of the pulse cycles but a maximum of amplitude in the focal region of the FUS transducer can still be 
seen as expected. In Figure 3 (e) and (f), the received signal is filtered before beamforming to map sub-
harmonic cavitation. Because of the large wavelength of the sub-harmonic in comparison with the 
dimension of the imaging probe, the lateral resolution is poor and the artifacts due to the filtering are 
also present in the axial axis on both sides of the focal point. 
 

3.3 Beamformed image for multiple microbubbles 

In order to represent a more realistic case with higher concentration of moving microbubbles in the 
medium, the contribution of multiple microbubbles was calculated following equation (10), which 
defines a single power cavitation image SW by summing up the contribution of various frames. Figure 4 
shows the passive cavitation imaging of the focal zone by introducing 200 microbubbles on the 
numerical model, an emitted signal of 2 kPa and Nc = 1 cycle, and an accumulation of 50 frames. In 
Figure 4 (a, b), we can identify more precisely the focal zone of the FUS transducer. Due to the high 
concentration of microbubbles and the accumulation of various images, the ratio between the amplitude 
of the scattered signal in the focal zone and the residual noise is higher. We can also highlight that 
despite the presence of microbubbles all around the imaging field, the contribution of the ones located 
outside the focal zone is negligible regarding to the higher amplitude of scattered signals coming from 
the bubbles situated in the illuminated region. In Figure 4 (c), the spatial resolution is still relatively low 
but the focal spot matches roughly with the maximum of amplitude of the FUS transducer. 
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Figure 4 - Passive cavitation imaging using delay and sum (DAS) beamforming for one single 

microbubble located in the focal zone and for two cases of emitted pulse. Left side: (a) beamforming 
processed from the received signal with no filter, (c) filtering the received RF signal to map ultra-
harmonic cavitation and (e) filtering the received RF signal to map sub-harmonic cavitation, in the 
case of a pulse of 1 cycle. Right side: (b) beamforming processed from the received signal with no 

filter, (d) filtering the received RF signal to map ultra-harmonic cavitation and (f) filtering the received 
RF signal to map sub-harmonic cavitation, in the case of a pulse of 6 cycle. 
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Figure 5 - Passive cavitation imaging using delay and sum (DAS) beamforming for 200 microbubbles 
located in the imaging field, 50 frames of computation and for an emitted pulse of 1 cycle. (a) Imaging 

processed from the received signal with no filter, (b) from the filtered signal to map ultra-harmonic 
cavitation and (c) from the filtered signal to map sub-harmonic cavitation. 

 

4 Conclusions 
In this work we have presented a theoretical model for the cavitation emission of microbubbles 
oscillating under the action of a focused ultrasound field. The simulated data was used to obtain 
beamformed images to map the contribution of ultra-harmonics and sub-harmonic components. 
Beamformed images show two remarkable features: on the one hand, the brighter areas of the image 
agree with the focal spot of the focused source. It should be remarked that the goal is not to image the 
bubbles, but to image only the bubbles cavitating under the action of the therapeutic ultrasound beams.  
On the other hand, the value of image brightness corresponds to the cavitation index of the filtered data 
set. Note that the values of the images are weighted by the active duration of the pulse and the duration 
of the acquisition, and RF data amplitude can be calibrated by using the imaging probe sensitivity. 
Therefore, by comparing sub-harmonic, ultra-harmonic and harmonic cavitation images one can identify 
the cavitation regime (inertial or stable) of the bubbles and locate it within the tissue under treatment. 
Finally, note that sub-harmonic cavitation mapping will suffer only from weak aberrations and 
absorption by the skull bones during transcranial propagation, offering a robust method for real time 
monitoring of transcranial focused ultrasound treatments. 
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